Entanglement versus energy in quantum spin models by Wang, XiaoGuang
ar
X
iv
:q
ua
nt
-p
h/
04
06
18
2v
1 
 2
5 
Ju
n 
20
04
Entanglement versus energy in quantum spin models
XiaoGuang Wang
Zhejiang Institute of Modern Physics, Department of Physics, Zhejiang University, HangZhou 310027, China
(Dated: November 13, 2018)
We study entanglement properties of all eigenstates of the Heisenberg XXX model, and find that
the entanglement and mixedness for a pair of nearest-neighbor qubits are completely determined
by the corresponding eigenenergies. Specifically, the negativity of the eigenenergy implies pairwise
entanglement. From the relation between entanglement and eigenenergy, we obtain finite-size behav-
iors of the entanglement. We also study entanglement and mixedness versus energy in the quantum
Heisenberg XY model.
PACS numbers: 03.65.Ud, 75.10.Jm
Quantum entanglement lies at the heart of quantum
mechanics, and can be exploited to accomplish some
physical tasks such as quantum teleportation [1]. In this
sense, it can be regarded as a resource, just like energy.
As pointed out by Osborne and Nielsen [2], the simi-
larity between entanglement and energy turns out to be
more than superficial. It is interesting to explore the rela-
tionship between these two resources, entanglement and
energy.
Recently, the study of entanglement properties in
many-body systems have received much attention [8? –
19]. Specifically, for the ground state (zero temperature)
of a ring of N qubits interacting via the antiferromag-
netic isotropic Heisenberg Hamiltonian, a direct relation
is established between the concurrence C [20] quantifying
the two-qubit entanglement and the ground-state energy
per site ǫ0 [10, 21, 22]:
C0(N) = max[0,−E0(N)/N ] = max[0,−ǫ0(N)], (1)
where C refers to the concurrence for two nearest-
neighbor qubits, and E0 is the ground-state energy. For
a pair of qubits, the entanglement of formation can be
obtained from the concurrence C
Eof = h
(
1 +
√
1− C2
2
)
, (2)
where h(x) = −x log2 x− (1−x) log2(1−x). The concur-
rence itself is a good measure of two-qubit entanglement,
and we adopt it as our measure of pairwise entanglement.
For the case of finite temperature, the concurrence for
two nearest qubits in the thermal state of the ring was
found to be related to the thermodynamical function, the
internal energy U via [21, 22]
C(N) = max(0,−U/N), (3)
which connects the microscopic quantity, the concur-
rence, and the macroscopic quantity, the internal energy.
Equations (1) and (3) show that the two-qubit entan-
glement and energies are closely related in the isotropic
Heisenberg model.
Having known the relations between entanglement and
energy for ground states and thermal states of the XXX
model, further questions arise that what are the entan-
glement properties of excited states, and what are the re-
lationships between entanglement and excited-state en-
ergies. We will address the question in this paper. To
study entanglement of excited states is not only interest-
ing itself, but also help to understand the entanglement
at finite temperatures. We also consider the entangle-
ment versus energy in the quantum XY model, and show
that the entanglement exhibits a symmetry, distinct from
that in the XXX model.
There exists another concept, the mixedness of a state,
related to entanglement, is also central in quantum infor-
mation theory [23]. For instance, Bose and Vedral have
shown that entangled states become useless for quantum
teleportation on exceeding a certain degree of mixed-
ness [24]. For a pure bipartite state, the mixedness of
one subsystem is equal to that of another one, and can be
used to quantify bipartite entanglement. In this case, en-
tanglement and mixedness are equivalent. We will study
both entanglement and mixedness properties.
Entanglement and eigenenergy. We consider a physical
model of a ring of N qubits interacting via the isotropic
Heisenberg XXX Hamiltonian
H = J
N−1∑
i=1
Si,i+1 + JSN,1, (4)
where Sj,j+1 =
1
2 (1 + ~σi · ~σi+1) is the swap operator be-
tween qubit i and j, ~σi = (σix, σiy, σiz) is the vector of
Pauli matrices, and J is the exchange constant. Posi-
tive and negative J correspond to the antiferromagnetic
and ferromagnetic case, respectively. Note that we have
assumed the periodic boundary condition.
When an energy level of our system is non-degenerate,
the corresponding eigenstate is pure. When a k-th energy
level is degenerate, we assume that the corresponding
state is an equal mixture of all eigenstates with energy Ek.
Thus, the state correspoding to the k-th level with degen-
eracy becomes a mixed other than pure, keeping all sym-
metries of the Hamiltonian. A degenerate ground state
2is called thermal ground state in the sense that it can
be obtained from the thermal state exp[−H/(kBT )]/Z
by taking the zero-temperature limit [2]. Here, kB is the
Boltzman constant, T the temperature, and Z the parti-
tion function. The k-th eigenstate ρk can be considered
as the thermal ground state of the nonlinear Hamiltonian
H ′ given by
H ′ = (H − Ek)2. (5)
Note that Hamiltonian H ′ inherits all symmetries of
Hamiltonian H .
Due to the translational invariance of the system, all
nearest-neighbour entanglements are identical. Thus,
from now on, we consider the entanglement between
qubit 1 and 2, representing nearest-neighbour pairwise
entanglement. Another important SU(2) symmetry of
the Hamiltonian guarantees that the reduced density ma-
trix ρ
(12)
k = Tr3,4,··· ,N (ρk) for k-th eigenstate is given by
ρ12k =


uk+ 0 0 0
0 uk− zk 0
0 zk uk− 0
0 0 0 uk+

 (6)
in the standard basis {|00〉, |01〉, |10〉, |11〉}, with
uk± = (1±Gzzk )/4, zk = Gzzk /2. (7)
Here, Gααk = Tr(σ1ασ2αρk), α ∈ {x, y, z} are correlation
functions which are equal due to the SU(2) symmetry.
From Hamiltonian H , a simple and useful relation be-
tween eigenenergy per site ǫk and the correlation function
is obtained as
ǫk = Ek/N = 1 + 3G
zz
k
2
. (8)
Therefore, from Eqs. (6-8), the reduced density matrix
is completely determined by the eigenenergy ǫk. As all
information about pairwise entanglement and mixedness
of ρ12k are contained in ρ
12
k , the eigenenergy completely
determines the entanglement and mixedness. Next, we
give a quantitative relation between the concurrence and
the eigenenergy.
From the two-qubit reduced density matrix (6), the
concurrence for two nearest qubits is obtained as [10]
Ck(N) =2max(0, |zk| − uk+)
=max(0, |Gzzk | −Gzzk /2− 1/2)
=max(0,−3Gzzk /2− 1/2)
=max(0,−ǫk). (9)
The third equality follows from the inequality |Gzzk | ≤ 1,
which is a special case of a more general result that
|〈A〉| ≤ 1 for any Hermitian operatorA satisfying A2 = 1.
The last equality is obtained by using Eq. (8). Thus, we
get a simple relation between the pairwise entanglement
TABLE I: The concurrences of the ground state, first and
second excited states for the number of qubits from 3 to 16.
N 3 4 5 6 7 8 9
C0 0.0 0.5 0.2472 0.4343 0.3158 0.4128 0.3438
C1 0.0 0.0 0.0 0.2060 0.0161 0.2821 0.1525
C2 - 0.0 0.0 0.0 0.0055 0.1749 0.1342
N 10 11 12 13 14 15 16
C0 0.4031 0.3580 0.3979 0.3661 0.3948 0.3712 0.3928
C1 0.3184 0.2258 0.3386 0.2695 0.3509 0.2976 0.3590
C2 0.2541 0.2100 0.2962 0.2570 0.3212 0.2877 0.3371
of two nearest qubits and the corresponding eigenenergy.
A necessary condition for non-zero entanglement is that
eigenenergy is negative, i.e., the negativity of eigenen-
ergy implies pairwise entanglement. We also see that the
ground state exhibits largest entanglement.
Now we apply the above result to investigate finite-size
behaviours of the entanglement. Conformal invariance
theory predicts the finite size behaviour of the ground
state and the first excited state [25]
ǫ1(N)− ǫ0(N) ≈ π2b/N2 (10)
with b being identified with the central charge. From the
above equation and Eq. (9), we immediately have
C1(N)− C0(N) ≈ −π2b/N2, (11)
which is the finite size behaviour of the entanglement.
In Table I, we give the concurrences of the ground
states, first and second excited states for the number of
qubits from 3 to 16. The ground state becomes entangled
when N ≥ 4 [21, 22]. However, the first (second) excited
state becomes entangled when N ≥ 6 (N ≥ 7). The
concurrence of the ground state decreases (increases) as
even N (odd N) increases. However, the concurrence of
the first excited states increases as even N or odd N in-
creases. This fact also holds for the second excited states.
We see that the entanglement properties of the excited
states are distinct from those of the ground states.
To clearly display behaviours of the pairwise entangle-
ment corresponding to different energy levels, in Fig. 1,
we plot the concurrences versus energy level index k for
different N . It is evident that for a fixed N the con-
currence decreases monotonically with the increase of k,
and when k is equal or larger than a threshold value kth,
the entanglement vanishes. The threshold values kth is
N -dependent, and the larger the number of qubits, the
larger the threshold value. More and more excited states
become entangled when the number of qubits increases.
Next, we study the mixedness properties of all eigen-
states. The mixedness of a state ̺ can be quantified by
the linear entropy given by
E = 1− Tr(̺2). (12)
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FIG. 1: The concurrence versus energy level index k for dif-
ferent number of qubits.
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FIG. 2: The linear entropy versus k for different N .
Then, from Eqs. (6), (7), (8), and (12), the linear entropy
of the two-qubit state ρ12k is obtained as
Ek(N) = 1− 1
3
[
ǫ2k(N)− ǫk(N) + 1
]
, (13)
which is determined solely by the eigenenergy ǫk per
site. Obviously, the linear entropy takes its maximum
3/4 when ǫk = 1/2.
In Fig. 2, we plot the linear entropy versus k for differ-
ent number of qubits. As k increases, the linear entropy
monotonically increases and reaches a maximum, then
monotonically decreases. In contrast to the concurrence,
the linear entropy takes its maximum in the middle of
energy levels, other than at the ground-state level. For
instance, when N = 6, there are 13 levels and the linear
entropy takes its maximum when k = 6. There are some
eigenstates which are non-degenerate, and thus pure. In
this case, the entanglement of between the two qubits and
the rest quantified by the linear entropy is equivalent to
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FIG. 3: The concurrence versus eigenenergy per site ǫk for
different number of qubits in the XY model.
the mixedness of the two-qubit state. For instance, when
N = 6, the ground state, the second excited state, and
the 10-th excited state are non-degenerate.
In the isotropic Heisenberg model described above,
both entanglement and mixedness of an eigenstate are
completely determined by the corresponding eigenenergy.
This result is due to the many symmetries in the model.
For other models, the relation between entanglement and
energy may become more complicated. We now consider
another well-established model, i.e., the Heisenberg XY
model. The XY Hamiltonian is written as
HXY =
J
2
N∑
i=1
(σix ⊗ σi+1x + σiy ⊗ σi+1y), (14)
where the periodic boundary condition is assumed again.
An interesting feature of this system is that for even N
if E is an eigenenergy, −E is an eigenenergy too. Thus,
the eigenspectrum exhibits a symmetry, which is different
from that in theXXX model. The reason is that for even
N Hamiltonian HXY anticommutes with the following
operator
Λz = σ1z ⊗ σ3z ⊗ · · · ⊗ σN−1z . (15)
It is natural to ask if the entanglement and mixedness
exhibit a similar symmetry. The answer is yes as we will
see below.
By exact diagonalization method, we compute the con-
currence and mixedness numerically in theXY model. In
Fig. 3, we plot the concurrences for two nearest qubits
versus eigenenergy per site ǫk. It is evident that the con-
currence shows a symmetry with respect to the point of
ǫk = 0, which arises due to the fact that the operator Λz
is a local unitary operator, and the entanglement proper-
ties of the eigenstate with energy E are the same as those
of the eigenstate with energy −E . If we restrict ourselves
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FIG. 4: The linear entropy versus eigenenergy per site ǫk for
different N in the XY model.
to the half part of the eigenspectrum (ǫk ≤ 0), the be-
haviour of the concurrence is similar to that in the XXX
model, i.e., the concurrence monotonically decreases as
k increases and there also exist threshold values kth.
The linear entropy quantifying the mixedness of the
two-qubit states is plotted in Fig. 4. It also exhibits a
symmetry with respect to ǫk = 0. And it seems that the
linear entropy takes its maximum at ǫk = 0 for any N
from Fig.4 (a-c). However, the partly enlarged version
(Fig. 4 (d)) of Fig. 4 (c) clearly shows that the maximum
is not exactly at ǫk = 0 for N = 10. So, we see that the
mixedness reaches its maximum at or near the point of
ǫk = 0.
In conclusion, we have studied the entanglement and
mixedness of all eigenstates in two well-established quan-
tum spin models, i.e., theXXX andXY models. For the
XXX model, the entanglement and mixedness of a pair
of nearest-neighbor qubits in a eigenstate are completely
determined by the corresponding eigenenergy. The en-
tanglement decreases as we go from ground state to ex-
cited states, i.e. the more excited the system, the less
the entanglement. The negativity of eigenenergy implies
pairwise entanglement, i.e., the entanglement vanishes
when the eigenenergy is large than zero. In contract
to the entanglement property, the mixedness exhibits a
maximum in the middle of energyspectrum, other than
on the border. From the relation between entanglement
and eigenenergy, we obtain the finite-size behaviors of
the entanglement.
The properties of entanglement and mixedness in the
XY model are distinct from those in the XXX model.
For even number of qubits, they both exhibits a sym-
metry with respect to the zero eigenenergy. However,
for odd number of qubits, the symmetry breaks. It will
be interesting to consider entanglement of all eigenstates
in other physical systems such as quantum chaos sys-
tem. The study of eigenvalue statistics and eigenvectors
statistics naturally motivate us to study entanglement
statistics, which is under consideration.
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